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Abstract
We prove that for any countable ordinal α  1 (and for any integer κ  3), there exists a universal dendrite in the family of all
dendrites (of orders  κ) with a closed countable set of end points such that the α-derivative of the set of end points contains at
most one point.
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1. Introduction
In this paper, all spaces under consideration are metrizable and separable and all ordinals are countable.
We use the term continuum to mean any nonempty, compact, and connected space. A continuum X is said to be
– regular if X has a basis of open sets with finite boundaries;
– a dendrite if X is locally connected and contains no simple closed curve;
– a tree if X contains no simple closed curve and can be written as the union of finitely many arcs any two of which
are either disjoint or intersect only in one of their end points.
It is known that any dendrite is regular and that any regular continuum is hereditarily locally connected [6, §51,
VI, Theorem 4, p. 301 and IV, Theorem 2, p. 283]. Thus every subcontinuum of a dendrite is a dendrite.
The order of point x in a space X, written ord(x,X), is the least cardinal or ordinal number κ such that x has an
arbitrarily small neighborhood in X with boundary of cardinality  κ . A point x is of order ω in X if x has arbitrarily
small neighborhoods in X with finite boundaries but ord(x,X) > n for every natural number n [6, §51, I, p. 274].
By order of a dendrite X, written ord(X), we refer to the least cardinal number κ such that ord(x,X) κ for each
x ∈ X.
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order in the classical sense: as the number of arcs emanating from x and disjoint out of x (see [2] and [4]).
For a point x of a dendrite X, the number of components of X \ {x} is equal to ord(x,X) whenever either of them is
finite [7, (1.1), (iv), p. 88]. On the other hand, if ord(x,X) = ω, then the number of components of X \{x} is countable
and their diameters tend to zero [7, (2.6), p. 92].
Points of any dendrite X are classified according to their orders as follows:
E(X) = {x ∈ X: ord(x,X) = 1} the set of end points of X,
O(X) = {x ∈ X: ord(x,X) = 2} the set of ordinary points of X,
R(X) = {x ∈ X: ord(x,X) 3} the set of ramification points of X.
It is known that in any dendrite X, the set R(X) is at most countable.
A space Z is said to be universal in a class F of spaces provided that both of the following conditions are satisfied:
(α) Z ∈ F and (β) for each X ∈ F there exists an embedding h : X → Z. If only the condition (β) is satisfied, then
Z is called a containing space for F .
It was proven by Waz˙ewski that there exists a universal dendrite and that for each integer κ  3 there exists a
universal dendrite in the family of all dendrites with orders of points  κ [8]. These universal dendrites are subsets of
the plane and are described in [3].
In [1] the authors constructed a universal element for the family of all dendrites with a closed set of end points.
Also for a fixed integer κ  3 they constructed a universal element for the family of all dendrites with a closed set of
end points and with orders of points  κ . The set of end points of each of these universal elements is homeomorphic
to the Cantor ternary set.
Any dendrite X with a closed set of end points has the following properties:
1. X contains no points of order ω.
2. Every subcontinuum of X is a dendrite with a closed set of end points [1].
3. The set of ramification points of X is discrete [1].
4. If {rn}∞n=1 is a sequence of distinct ramification points of X and r = limn→∞ rn, then r ∈ E(X) [1].
In this paper we investigate dendrites with a closed countable set of end points.
For every ordinal α, the α-derivative of a space E is defined by induction as follows [5, §24, IV]: E(0) = E, E(α+1)
is the set of all limit points of E(α) (in E(α)) and E(α) =⋂β<α E(β) for a limit ordinal α [5, §24, IV]. If E(α) = ∅ for
some ordinal α, then the least such ordinal is called type of E and is denoted by type(E).
It is not difficult to prove that:
1. A compact space E is countable if and only if there exists an ordinal α such that type(E) = α.
2. If a space E is compact and type(E) = α, then the ordinal α is isolated and the set E(α−1) is finite.
For any dendrite X, we denote by E(α)(X) the α-derivative of E(X).
Since compact countable sets can be classified according to their types by isolated ordinals, dendrites with a closed
countable set of end points can be classified according to the types of their sets of end points by isolated ordinals. In
particular, dendrites with a closed set of end points of type 1 are trees.
In Section 2, we define a dendrite Z with a closed countable set of end points containing topologically any tree.
Also, for any integer κ  3 we define a dendrite Zκ of order κ and with a closed countable set of end points containing
topologically any tree of order  κ .
In Section 3, for each integer κ  3 and for each ordinal α  1 we define a dendrite Zκα that is universal in
the family of all dendrites X of orders  κ and with a closed set of end points such that |E(α)(X)|  1. Also, for
every m ∈ {1,2, . . .} we define a dendrite Xκm,α of order κ such that E(Xκm,α) is closed, type(E(Xκm,α)) = α + 1, and
|E(α)(Xκm,α)| > m.
In Section 4, for each ordinal α  1 we define a dendrite Zα that is universal in the family of all dendrites X with a
closed set of end points such that |E(α)(X)| 1. Also, for every m ∈ {3,4, . . .} we define a dendrite Xm,α containing
points of every natural order  1 and such that: E(Xm,α) is closed, type(E(Xm,α)) = α + 1, and |E(α)(Xm,α)| > m.
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– For the family of all dendrites (of orders κ) with a closed set of end points of type α, there exists a containing
dendrite (of order κ) with a closed set of end points of type α + 1.
– In the family of all dendrites (of orders  κ) with a closed set of end points of type  α, there is no universal
element.
– In the family of all dendrites (of orders  κ) with a closed countable set of end points, there is no universal
element.
Given two points a and b of a dendrite X, we denote by ab the unique arc from a to b in X. By X(a,b) we denote
the closure of the unique component of X \ {a, b} such that ab ⊆ X(a,b). We also denote (ab) = ab \ {a, b}. The arc
ab is called free in X if the set (ab) is open in X. Obviously, the arc ab is free in X if and only if the set (ab) contains
no ramification points of X.
Given two points a and b of the plane, we denote by ab the straight line segment joining a and b.
Let T be a tree. Two points of R(T ) ∪ E(T ) are said to be adjacent if the arc joining them is free. It is easy to
prove that if each ramification point of T of order κ , then |E(T )| = |R(T )|(κ − 2) + 2.
For any integer κ  1 by κ-od with center p, we refer to any union of κ arcs called edges of the κ-od having p as
one end point and disjoint out of p.
2. Containing dendrites with a countable set of end points for trees
Let I ≡ [0,1] and let κ ∈ {3,4, . . .} be fixed.
By Lκn , n = 1,2, . . . , we denote the set of all ordered n-tuples a¯ = a1, . . . , an, where each ai is an even number
belonging to {0, . . . ,2κ − 4}.
Let n ∈ {1,2, . . .} and a¯ = a1, . . . , an ∈ Lκn . For each i ∈ {0,1, . . . , κ − 1}, we denote a¯,2i = a1, . . . , an,2i.
By I κa¯ we denote the set of all numbers a ∈ I such that if a is written in the enumeration system of base 2κ − 3,
then the first n digits are exactly a1, . . . , an.
By pκa¯ we denote the point of the plane whose first coordinate is the middle of I
κ
a¯ and whose second coordinate is
1/2n.
By eκa¯ we denote the point of the plane whose first coordinate is 0, a1 . . . , an and whose second coordinate is 0.
For n = 0, we set Lκ0 = {∅}. For a¯ = ∅ ∈ Lκ0 and for i ∈ {0,1, . . . , κ − 1}, we denote a¯, 2i = 2i. Put p = pκ∅ =
(1/2,1) and e = eκ∅ = (0,0).
Let n ∈ {0,1,2, . . .} and a¯ ∈ Lκn . We set
Sκa¯ =
⋃{
pκa¯p
κ
a¯,2i : i = 0,1, . . . , k − 2
}
and Eκa¯ =
⋃{
pκa¯ e
κ
a¯,2i : i = 0,1, . . . , k − 2
}
.
Put q = (1/2,2). We set Xκ1 = qp ∪ Eκ∅ , and for m 2, we set
Xκm = qp ∪
(⋃{
Sκa¯ : a¯ ∈
m−2⋃
n=0
Lκn
})
∪
(⋃{
Eκa¯ : a¯ ∈ Lκm−1
})
.
Theorem 2.1. Let T be a tree of order  κ and with at most m ramification points. For any qˆ ∈ E(T ), there exists an
embedding h : T → Xκm such that h(qˆ) = q and h(E(T )) ⊆ E(Xκm).
Proof. We assume that each ramification point of T is of order κ and that T has exactly m ramification points.
Otherwise, by joining finitely many arcs to T we can construct such a tree.
For m = 1, the trees T and Xκm are κ-ods and thus the theorem holds.
Suppose that R(T ) = {x1, . . . , xm}, m 2.
Let eˆ ∈ E(T ) be such that qˆ 	= eˆ, and let r1 ∈ qˆeˆ ∩ R(T ) be adjacent to qˆ .
Note that each arc qe˜ of Xκm joining q with an end point e˜ 	= q of Xκm contains m ramification points.
Since the arc qˆ eˆ of T contains at most m ramification points, there exists a homeomorphism h0 : qˆeˆ → qe such
that h0(qˆ) = q , h0(r1) = p, h0(eˆ) = e and h0 maps any two adjacent points of R(T ) belonging to qˆeˆ into adjacent
points of R(Xκm) belonging to qe. Put r ′ = p.1
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Since ord(r ′1,Xκm) = κ , we can fix a (κ − 2)-od X1 ⊆ Xκm with center r ′1 and end points in E(Xκm) such that
qe ∩ X1 = {r ′1}.
Since each edge of T1 contains at most m points of R(T ), and each edge of X1 contains m points of R(Xκm), we can
define a homeomorphism h1 : T1 → X1 such that h1(r1) = r ′1 and h1 maps any two adjacent points of R(T ) belonging
to T1 into two adjacent points of R(Xκm) belonging to X1. Obviously, h1 : qˆ eˆ ∪ T1 → qe ∪ X1, for which h1|qˆeˆ = h0
and h1|T1 = h1, is a homeomorphism.
Let 1 i < m, and assume that for j = 1, . . . , i, we have defined
(i) rj ∈ R(T ) and (κ − 2)-od Tj with center rj and end points in E(T );
(ii) r ′j ∈ R(Xκm) and (κ − 2)-od Xj ⊆ Xκm with center r ′j and end points in E(Xκm);
(iii) a homeomorphism hj : qˆeˆ ∪ (⋃jn=1 Tn) → qe ∪ (⋃jn=1 Xn),
such that for j > 1
(a) rj /∈ {r1, . . . , rj−1}, the point rj is adjacent to some of r1, . . . , rj−1 in T and (qˆeˆ ∪ (⋃j−1n=1 Tn)) ∩ Tj = {rj };
(b) r ′j = hj−1(rj ) and (qe ∪ (
⋃j−1
n=1 Xn)) ∩ Xj = {r ′j };
(c) hj |qˆeˆ∪(⋃j−1n=1 Tn) = hj−1 and hj |Tj is a homeomorphism hj : Tj → Xj such that hj (rj ) = r ′j and hj maps any two
adjacent points of R(T ) belonging to Tj into two adjacent points of R(Xκm) belonging to Xj .
Let ri+1 be the first point of the sequence {x1, . . . , xm} such that ri+1 /∈ {r1, . . . , ri} and such that ri+1 is adjacent
to some rj ∈ {r1, . . . , ri}.
From the inductive assumption it follows that there exist κ arcs emanating from rj in qˆ eˆ ∪ (⋃jn=1 Tn) and termi-
nating at end points of T . Thus qˆeˆ ∪ (⋃jn=1 Tn) contains each ramification point of T adjacent to rj . From this fact
we conclude that ri+1 ∈ qˆeˆ ∪ (⋃in=1 Tn). Put r ′i+1 = hi(ri+1).
Since ord(ri+1, T ) = κ and ord(r ′i+1,Xκm) = κ , we can fix a (κ −2)-od Ti+1 of T with center ri+1 and end points in
E(T ) and (κ−2)-od Xi+1 of Xκm with a center r ′i+1 and end points in E(Xκm) such that (qˆeˆ∪
⋃i
j=1 Tj )∩Ti+1 = {ri+1}
and (qe ∪⋃ij=1 Xj) ∩ Xi+1 = {r ′i+1}.
Since each edge of Ti+1 contains at most m − i points of R(T ) and each edge of Xi+1 contains at least m − i
points of R(Xκm), there exists a homeomorphism hi+1 : Ti+1 → Xi+1 such that hi+1(ri+1) = r ′i+1 and hi+1 maps any
two adjacent points of R(T ) belonging to Ti+1 into two adjacent points of R(Xκm) belonging to Xi+1. Obviously,
hi+1 : qˆeˆ ∪⋃i+1n=1 Tn → qe ∪⋃i+1n=1 Xn, for which hi+1|qˆeˆ∪⋃in=1 Tn = hi and hi+1|Ti+1 = hi+1 is a homeomorphism.
It is clear that T = qˆ eˆ ∪ (⋃mj=1 Tj ) and that h = hm : T → Xκm is the required embedding. 
Corollary 2.1.1. For each m = 1,2, . . . , and for each κ = 3,4, . . . , there exists an embedding h : Xκm → Xκm+1 such
that h(q) = q and h(E(Xκm)) ⊆ E(Xκm+1).
In the sequel, for each integer κ  3, we shall define a dendrite Zκ of order κ with a closed countable set of end
points containing topologically any tree of order  κ .
Let {p(m)}∞m=1 be a sequence of points of the segment ep of the plane such that limm→∞ p(m) = e and p(m+1) ∈
ep(m) \ {e,p(m)} for each m.
For a fixed κ ∈ {3,4, . . .} and for each m = 1,2, . . . , we consider the family {Zκm(i)}κ−2i=1 of copies of Xκm joining to
p(m) in such a way that
(i) for each i = 1, . . . , κ − 2, there exists a homeomorphism hi : Xκm → Zκm(i) such that hi(q) = p(m);
(ii) Zκm(i) ∩ Zκm(j) = {p(m)} for all i 	= j ;
(iii) if m1 	= m2, then (⋃κ−2i=1 Zκm1(i)) ∩ (⋃κ−2i=1 Zκm2(i)) = ∅;
(iv) limm→∞ diam(
⋃κ−2
i=1 Zκm(i)) = 0.
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Zκ = ep ∪
( ∞⋃
m=1
κ−2⋃
i=1
Zκm(i)
)
.
Obviously, Zκ is a dendrite of order κ with a closed countable set of end points and e is the unique limit end point
of Zκ .
Theorem 2.2. Zκ is a universal dendrite in the family of all dendrites of orders  κ with a closed countable set of
end points having at most one limit point.
Proof. Let X be a dendrite of order  κ with a countable closed set of end points having exactly one limit point e
X
,
and let p
X
be any other end point of X. Then R(X)∩ e
X
p
X
= {q1
X
, . . . , qn
X
, . . .} and limn→∞ qnX = eX . Without loss of
generality, we may suppose that if i < j , then qj
X
∈ e
X
qi
X
.
For each n, let {X[n,1], . . . ,X[n, in]} be the family of closures of all components of X \ eXpX that contain the
point qn
X
. Since E(X[n, i]) ⊆ E(X) \ {e
X
}, each X[n, i] is a tree of order  κ . Since ord(X,qn
X
) κ , each in  κ − 2.
Obviously,
X = e
X
p
X
∪
( ∞⋃
n=1
in⋃
i=1
X[n, i]
)
.
Let {mn}∞n=1 be a strongly increasing sequence of naturals such that for each n we have mn > max{|R(X[n, i])|: i =
1, . . . , in}.
Since each Zκmn(i) is homeomorphic to X
κ
mn
from property (i) of the family {Zκmn(i)}κ−2i=1 and from Theorem 2.1,
there exists an embedding hin : X[n, i] → Zκmn(i) such that hin(qnX) = p(mn) and hin maps the end points of X[n, i]
into the end points of Zκmn(i).
Let h : e
X
p
X
→ ep be a homeomorphism such that h(e
X
) = e, h(p
X
) = p and h(qn
X
) = p(mn). Also define
h|X[n,i] = hin. It is clear that h is the desired embedding.
Now suppose that X is a dendrite of order  κ and with a closed countable set of end points without limit end
point. Then X is a tree of order  κ .
Let q
X
be any ramification point of X, and {X0, . . . ,Xn} be the family of closures of all components of X \ {qX }
that contains the point q
X
. Then X =⋃ni=0 Xi , and ⋂ni=0 Xi = {qX }, where n κ and qX is an end point of each Xi .
Obviously, each Xi is a tree of order  κ . Let m > max{|R(Xi)|: i = 0, . . . , n}. From Theorem 2.1, for each
i = 0, . . . , n there exists an embedding hi : Xi → Xκm−1 such that hi(qX) = q and hi(E(X)) ⊆ E(Xκm−1).
Observe that the point p(m) ∈ Zκ is the unique common (end) point of trees Zκm(1), . . . ,Zκm(κ − 2) that are copies
of Xκm. In addition to these κ − 2 trees, we consider the following two trees
Zκm(0) = p(m)p(m − 1) ∪ Zκm−1(1) homeomorphic to Xκm−1, and
Zκm(κ − 1) = p(m)p(m + 1) ∪ Zκm+1(1) homeomorphic to Xκm+1.
From Corollary 2.1.1, for each i there exists an embedding hi : Xκm−1 → Zκm(i) such that hi(q) = p(m) and
hi(E(Xκm−1)) ⊆ E(Zκm(i)). It is clear that h : X → Zκ for which h|Xi = hi ◦ hi is the required embedding. 
Corollary 2.2.1. Zκ is a containing dendrite of order κ and with a closed countable set of end points for the family
of all trees of orders  κ .
Now, we define a dendrite Z with a closed countable set of end points containing topologically any tree.
Consider again the segment ep of the plane and the sequence {p(m)}∞m=1 of points of ep such that limm→∞ p(m) =
e. For each m = 3,4, . . . , let {Zmm(i)}mi=1 be the family of copies of Xmm joining to p(m) in such a way that
(i) for each i = 1, . . . ,m, there exists a homeomorphism hi : Xmm → Zmm(i) such that hi(q) = p(m);
(ii) Zmm(i) ∩ Zmm(j) = {p(m)} for all i 	= j ;
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(iv) limm→∞ diam(
⋃m
i=1 Zmm(i)) = 0.
Set
Z = ep ∪
( ∞⋃
m=3
m⋃
i=1
Zmm(i)
)
.
Obviously, Z is a dendrite with a closed countable set of end points and e is the unique limit end point of Z. Also,
Z contains points of every natural order  1.
Theorem 2.3. Z is a universal dendrite in the family of all dendrites X with a closed countable set of end points and
with at most one limit end point.
Proof. Let X be a dendrite with a closed countable set of end points and with a unique limit end point e
X
.
The embedding of X into Z can be defined following the proof of Theorem 2.2. In addition to the requirement that
mn > max{|R(X[n, i])|: i = 1, . . . , in} here we also require mn > ord(⋃ini=1 X[n, i]) for each n.
In the case that X is a dendrite with a closed countable set of end points without limit end points, X is a tree of
some order κ . From Corollary 2.2.1, the tree X can be embedded into Zκ . Since for each κ the dendrite Zκ has closed
set of end points with the unique limit end point e, Zκ can be embedded into Z. Thus, X can also be embedded
into Z. 
Corollary 2.3.1. Z is a containing dendrite with a closed countable set of end points for the family of all trees.
Remark 2.1. Note that in the proofs of Theorems 2.2 and 2.3 the defined embeddings h : X → Zκ and h : X → Z
embed the set of end points of X into the set of end points of Zκ and of Z, respectively.
3. Dendrites of fixed order with a closed countable set of end points
In this section, for each integer κ  3 and for each ordinal α  1 we define a dendrite Zκα that is universal in the
family of all dendrites X of orders  κ and with a closed set of end points such that |E(α)(X)| 1.
Let κ ∈ {3,4, . . .} be fixed.
Put Zκ1 = Zκ . From the construction of Zκ , it follows that Zκ1 = Zκ1 (e,p), p is an isolated end point of Zκ1 and
E(1)(Zκ1 ) = {e}.
Let α0 > 1 be an ordinal, and suppose that the dendrite Zκα has been defined for every ordinal α such that 1 α < α0
in such a way that Zκα = Zκα(e,p), p is an isolated end point of Zκα and E(α)(Zκα) = {e}. We shall define the dendrite
Zκα0 .
First, for each m ∈ {1,2, . . .} and for each α such that 1 α < α0, we define an auxiliary dendrite Xκm,α of order κ
such that E(α)(Xκm,α) = E(Xκm) \ {q}.
For each e˜ ∈ E(Xκm) \ {q}, let pe˜ be the ramification point of Xκm adjacent to e˜. Let {Zκα(e˜,pe˜): e˜ ∈ E(Xκm) \ {q}}
be a family of copies of Zκα such that
(α) Zκα(e˜,pe˜) ∩ Xκm = e˜pe˜,
(β) there exists a homeomorphism he˜ : Zκα → Zκα(e˜,pe˜) such that he˜(e) = e˜ and he˜(p) = pe˜ ,
(γ ) if e˜1 	= e˜2 ∈ E(Xκm) \ {q}, then (Zκα(e˜1,pe˜1) \ {pe˜1}) ∩ (Zκα(e˜2,pe˜2) \ {pe˜2}) = ∅.
We define Xκm,α = Xκm ∪ (
⋃{Zκα(e˜,pe˜): e˜ ∈ E(Xκm) \ {q}}).
Now we define the dendrite Zκα0 .
In this aim, we consider the segment ep of the plane and the sequence of points {p(m)}∞m=1 of ep such that
limm→∞ p(m) = e.
If α0 is an isolated ordinal, then put αm0 = α0 − 1 for each m = 1,2, . . . .
If α0 is a limit ordinal, then fix a strongly increasing sequence of isolated ordinals {αm0 }∞m=1 such that α0 =
limm→∞ αm0 .
For each m = 1,2, . . . , let {Zκ m(i)}κ−2i=1 be the family of copies of Xκ m joining to p(m) in such a way thatm,α0 m,α0
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κ
m,αm0
(i) such that him(q) = p(m);
(ii) Zκ
m,αm0
(i) ∩ Zκ
m,αm0
(j) = {p(m)} for all i 	= j ;
(iii) if m1 	= m2, then (⋃κ−2i=1 Zκm1,αm10 (i)) ∩ (
⋃κ−2
i=1 Zκm2,αm20
(i)) = ∅;
(iv) limm→∞ diam(
⋃κ−2
i=1 Zκm,αm0 (i)) = 0.
Set
Zκα0
= ep ∪
( ∞⋃
m=1
κ−2⋃
i=1
Zκ
m,αm0
(i)
)
.
It is easily seen that Zκα0 is a dendrite of order κ and with a closed set of end points such that type(E(Z
κ
α0
)) = α0 +1
and E(α0 )(Zκα0 ) = {e}.
Lemma 3.1. If m1 < m2 , then there exists an embedding h : Xκm1 ,α → X
κ
m2 ,α
such that h(q) = q and h(E(Xκm1 ,α)) ⊆
E(Xκm2 ,α
).
Proof. The lemma follows from Corollary 2.1.1 and from the definition of Xκm,α . 
Lemma 3.2. Let X be a dendrite with closed set of end points such that type(E(X)) = β . If β > 1 and
|E(β−1)(X)| 2, then for every isolated end point q
X
, the dendrite X can be written as follows
X = T ∪
(
n⋃
i=1
Xi
)
,
where T is a tree, E(β−1)(X) ⊆ E(T ) = {qX, e1, . . . , en} and Xi are dendrites such that
(a) Xi = X(ei,pi), where pi is the ramification point of T adjacent to ei ,
(b) either Xi = eipi , or E(βi)(Xi) = {ei} for some βi < β .
Proof. Put Y0 = X and β0 = β − 1.
From the hypothesis of the lemma, type(E(Y0)) = β0 + 1 and
E(β0)(Y0) =
{
e01, . . . , e
0
n0
}⊆ E(Y0) \ {qX }, n0  2.
Let T0 be a tree of X such that E(T0) = {qX } ∪ E(β0 )(Y0).
For every i = 1, . . . , n0, we denote by p0i the ramification point of T0 adjacent to e0i . Then E(β0)(X(e0i , p0i )) = {e0i }.
Set
Y1 = X
∖ n0⋃
i=1
(
X
(
e0i , p
0
i
) \ e0i p0i ).
Obviously, Y1 is a dendrite with a closed set of end points, and E(Y1) ⊆ E(Y0). Also, T0 ⊆ Y1, and the points
qX, e
0
1, . . . , e
0
n0 are isolated end points of Y1. Therefore, type(E(Y1)) = β1 + 1, where β1 < β0, and
E(β1)(Y1) =
{
e11, . . . , e
1
n1
}
.
Let T1 be a tree such that E(T1) = E(β1)(Y1) ∪ E(T0). For every i = 1, . . . , n1, we denote by p1i the ramification
point of T1 adjacent to e1i .
If β1 = 0, then Y1 = T1 and E(T0) ⊆ E(β1)(Y1) = E(T1). Without loss of generality, we may suppose that qX = e1n1 .
Then for T = Y1 and Xi = X(e1i , p1i ), i = 1, . . . , n1 − 1, we have X = T ∪ (
⋃n1−1
i=1 Xi), and the properties (a) and (b)
of the lemma are satisfied.
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Y2 = Y1
∖ n1⋃
i=1
(
X
(
e1i , p
1
i
) \ e1i p1i ).
Obviously, Y2 is a dendrite with a closed set of end points, and E(Y2) ⊆ E(Y1). Also, T1 ⊆ Y2, and the points
qX, e
0
1, . . . , e
0
n0 , e
1
1, . . . , e
1
n1 are isolated end points of Y2. Therefore, type(E(Y2)) = β2 + 1, where β2 < β1, and
E(β2)(Y2) =
{
e21, . . . , e
2
n2
}
.
Continuing in the same manner we get a sequence of dendrites
X = Y0 ⊇ Y1 ⊇ · · · ⊇ Yj ⊇ · · ·
and a strongly decreasing sequence of ordinals
β − 1 = β0 > β1 > · · · > βj > · · ·
such that type(E(Yj )) = βj +1, E(βj )(Yj ) = {ej1, . . . , ejnj } and the points of the set {qX}∪E(β0)(Y0)∪· · ·∪E(βj )(Yj )
are isolated end points of Yj+1.
Obviously, there exists an integer j0  1 such that βj0 = 0, which means that Yj0 is a tree and {qX} ∪ E(β0)(Y0) ∪
· · · ∪ E(βj0 −1)(Yj0−1) ⊆ E(Yj0) = {e
j0
1 , . . . , e
j0
nj0
}. Thus, for T = Yj0 and qX = e
j0
nj0
we have
X = T ∪
( nj0 −1⋃
i=1
X
(
e
j0
i , p
j0
i
))
,
and the properties (a) and (b) of the lemma are satisfied. 
Theorem 3.1. For any integer κ  3 and for any ordinal α  1, the following propositions are true:
(Pκα ) If X is a dendrite of order  κ with a closed set of end points such that E(β)(X) = {eX} for some β  α, then
for any isolated end point pX of X there exists an embedding h : X → Zκα such that h(eX) = e, h(pX) = p and
h(E(X)) ⊆ E(Zκα).
(Qκα) If X is a dendrite of order  κ with a closed set of end points such that type(E(X))  α + 1, then for any
isolated end point qX of X, there exists m ∈ {1,2, . . .} and an embedding h : X → Xκm,α such that h(qX) = q
and h(E(X)) ⊆ E(Xκm,α).
Proof. First, we prove that (Pκα ) implies (Qκα) for any ordinal α  1.
Let X be a dendrite of order  κ with closed set of end points such that type(E(X))  α + 1, and let qX be an
isolated end point of X. Then E(β)(X) is finite and nonempty for some β  α.
If β = 0, then X is a tree. For m = |R(X)|, the existence of the required embedding h : X → Xκm,α follows from
Theorem 2.1 and from the definition of Xκm,α .
If β > 0 and E(β)(X) = {eX}, then from (Pκα ) it follows that there exists an embedding h1 : X → Zκα such that
h1(eX) = e, h1(qX) = p and h(E(X)) ⊆ E(Zκα). Observe that from the definition of Xκm,α it follows that an embed-
ding h2 : Zκα → Xκm,α can be defined such that h2(e) ∈ E(α)(Xκm,α), h2(p) = q and h(E(Zκα)) ⊆ E(Xκm,α). Obviously,
h2 ◦ h1 : X → Xκm,α is the required embedding.
If β > 0 and |E(β)(X)| 2, then from Lemma 3.2,
X = T ∪
(
n⋃
i=1
Xi
)
,
where T is a tree, E(T ) = {qX, e1, . . . , en} and
(a) Xi = X(ei,pi), where pi is the ramification point of T adjacent to ei , and
(b) either Xi = eipi , or E(βi)(Xi) = {ei} for some βi  β .
S. Zafiridou / Topology and its Applications 155 (2008) 1935–1946 1943Obviously, ord(T )  κ . Let |R(T )| = m. From Theorem 2.1, there exists an embedding hT : T → Xκm such that
hT (qX) = q and hT (E(T )) ⊆ E(Xκm).
We may suppose that if hT (ei) = e˜ ∈ E(Xκm) \ {q}, then hT (R(X) ∩ (eipi)) ⊆ (e˜pe˜), where pe˜ is adjacent to e˜
ramification point of Xκm, otherwise hT can be slightly modified. Observe that
Xκm,α = Xκm ∪
(⋃{
Zκα(e˜,pe˜): e˜ ∈ E
(
Xκm
) \ {q}}).
Put h(x) = hT (x) for each x ∈ T \⋃ni=1 Xi . Since βi  β  α for each i = 1, . . . , n, from (a) and (b) above, from
the properties (α), (β), (γ ) of family {Zκα(e˜,pe˜): e˜ ∈ E(Xκm) \ {q}} and from (Pκα ) it follows that h can be extended
to a homeomorphism h : X → Xκm,α as (Qκα) requires.
Now we prove (Pκα ) by induction on α.
Observe that (Pκ1 ) follows from Theorem 2.2 and its proof. Let α0 > 1 be an ordinal, and suppose that (Pκα ) is true
for any ordinal α such that 1 α < α0.
We shall prove that (Pκα0) is true.
Let X be a dendrite of order  κ with a closed set of end points such that E(β)(X) = {e
X
} for some β  α0, and
let p
X
be an isolated end point of X. Then R(X) ∩ e
X
p
X
= {q1
X
, . . . , qn
X
, . . .}, and limn→∞ qnX = eX . Without loss of
generality, we may suppose that if i < j , then qj
X
∈ e
X
qi
X
.
For each n = 1,2, . . . , let {X[n,1], . . . ,X[n, in]} be the family of closures of all components of X \ eXpX that
contain the point qn
X
. Then
X = e
X
p
X
∪
( ∞⋃
n=1
in⋃
i=1
X[n, i]
)
,
and since ord(X,qn
X
) κ , each in  κ − 2.
Since E(β)(X) = {e
X
}, qn
X
is isolated end point of X[n, i] and E(X[n, i]) \ {qn
X
} ⊆ E(X) \ {e
X
}, for each n there
exists an ordinal βn
X
such that type(E(X[n, i])) βn
X
+ 1 β  α0 for each i = 1, . . . , in.
Case 1. β  α0 = α + 1. By induction (Pκα ) and, consequently, (Qκα) are true. From (Qκα) and from Lemma 3.1, it
follows that there exists a strongly increasing sequence {mn}∞n=1 of natural numbers such that for each n and for each
i = 1, . . . , in, there exists an embedding of X[n, i] into Xκmn,α which maps qnX into q and the set of end points of
X[n, i] into the set of end points of Xκmn,α .
Case 2. β  α0 = limm→∞ αm0 , where {αm0 }∞m=1 is a strongly increasing sequence of ordinals fixed in the definition
of Zκα0 .
Since βn
X
< β  α0, by induction (Pκβn
X
), and consequently, (Qκβn
X
) are true.
From (Qκβn
X
) and from Lemma 3.1, it follows that there exists a natural number mn
X
 1 such that for each i =
1, . . . , in there exists an embedding of X[n, i] into Xκmn
X
,βn
X
which maps qn
X
into q and the set of end points of X[n, i]
into the set of end points of Xκmn
X
,βn
X
.
Let {mn}∞n=1 be a strongly increasing sequence of natural numbers such that mn > mnX and βnX < αmn0 < α0. From
(Qκ
α
mn
0
) and Lemma 3.1 there exists an embedding of Xκmn
X
,βn
X
into Xκ
mn,α
mn
0
which maps q into q and the set of end
points of Xκmn
X
,βn
X
into the set of end points of Xκ
mn,α
mn
0
.
On the other hand,
Zκα0 = ep ∪
( ∞⋃
m=1
κ−2⋃
i=1
Zκ
m,αm0
(i)
)
,
where {Zκ
m,αm0
(i)}κ−2i=1 is a family of copies either of Xκm,α if α0 = α + 1 or of Xκm,αm0 if α0 = limm→∞ α
m
0 , satisfying
the conditions (i)–(iv) in definition of Zκα0 .
From the above, for each n = 1,2, . . . and for each i = 1, . . . , in, there exists an embedding hin : X[n, i] →
Zκ mn (i) such that hin(qnX) = p(mn) and hin(E(X[n, i])) ⊆ E(Zκ mn (i)).mn,α0 mn,α0
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X
p
X
→ ep be a homeomorphism such that h(e
X
) = e, h(p
X
) = p and h(qn
X
) = p(mn). Also define
h|X[n,i] = hin. It is clear that h is the required embedding. 
Theorem 3.2. Zκα is a universal dendrite for the family of all dendrites X of orders  κ and with a closed set of end
points such that |E(α)(X)| 1.
Proof. If X is a dendrite of order  κ and with a closed set of end points such that |E(α)(X)| = 1, then the existence
of an embedding of X into Zκα follows from (Pκα ).
Let X be a dendrite of order  κ and with a closed set of end points such that E(α)(X) = ∅. Then type(E(X)) =
β  α.
Let q
X
be any ramification point of X, and {X0, . . . ,Xn} be the family of closures of all components of X \ {qX }
that contain the point q
X
. Then, X =⋃ni=0 Xi and ⋂ni=0 Xi = {qX }, where n κ − 1 and qX is an isolated end point
of each Xi .
Obviously, Xi is a dendrite of order  κ with a closed set of end points such that type(E(Xi))  α for each
i = 1, . . . , n.
Case 1. If α is an isolated ordinal then from proposition (Qκα−1) and from Lemma 3.1 there exists a natural m > 1
and for each i = 0, . . . , n, there exists an embedding hi : Xi → Xκm−1,α−1 such that hi(qX) = q and hi(E(X)) ⊆
E(Xκm−1,α−1).
Observe that the point p(m) ∈ Zκα is the unique common (end) point of dendrites Zκm,α−1(1), . . . ,Zκm,α−1(κ − 2)
that are copies of Xκm,α−1. In addition to these κ − 2 dendrites, we consider the following two
Zκm,α−1(0) = p(m)p(m − 1) ∪ Zκm−1,α−1(1) homeomorphic to Xκm−1,α−1, and
Zκm,α−1(κ − 1) = p(m)p(m + 1) ∪ Zκm+1,α−1(1) homeomorphic to Xκm+1,α−1.
For each i = 0, . . . , n, there exists an embedding hi : Xκm−1, α−1 → Zκm,α−1(i) such that hi(q) = p(m) and
hi(E(Xκm−1, α−1)) ⊆ E(Zκm,α−1(i)). It is clear that h : X → Zκα for which h|Xi = hi ◦ hi is the required embedding.
Case 2. If α is a limit ordinal, then α = limm→∞ αm, where {αm}∞m=1 is a strongly increasing sequence of isolated
ordinals fixed in the definition of Zκα .
Obviously, there exists m such that type(Xi) αm < α for each i = 0, . . . , n. Since αm is an isolated ordinal, from
Case 1 there exists an embedding h1 : X → Zκαm such that h1(E(X)) ⊆ E(Zκαm). Since E(α
m)(Zκαm) = {e}, from (Pκα ),
there exists an embedding h2 : Zκαm → Zκα such that h2(E(Zκαm)) ⊆ E(Zκα). It is clear that h2 ◦ h1 is the required
embedding. 
Corollary 3.2.1. Zκα is a containing dendrite for the family of all dendrites X of orders  κ and with a closed set of
end points such that type(E(X)) α.
Remark 3.1. Note that in the proof of Theorem 3.2, the defined embedding of X into Zκα embeds the set of end points
of X into the set of end points of Zκα .
4. Dendrites with a closed countable set of end points with points of every natural order
In this section, for each ordinal α  1 we define a dendrite Zα that is universal in the family of all dendrites X with
a closed set of end points such that |E(α)(X)| 1.
Let Z be the dendrite defined in Section 2. Put Z1 = Z. From the construction of Z, it follows that Z1 contains
points of every natural order  1, Z1 = Z1(e,p), p is an isolated end point of Z1 and E(1)(Z1) = {e}.
Let α0 > 1 be an ordinal, and suppose that the dendrite Zα has been defined for every ordinal α such that 1 α < α0
in such a way that Zα contains points of every natural order  1, Zα = Zα(e,p), p is an isolated end point of Zα and
E(α)(Zα) = {e}. We shall define the dendrite Zα0 .
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points of every natural order  1 such that E(α)(Xm,α) = E(Xmm) \ {q}.
For each e˜ ∈ E(Xmm) \ {q}, let pe˜ be the ramification point of Xmm adjacent to e˜. Let {Zα(e˜,pe˜): e˜ ∈ E(Xmm) \ {q}}
be a family of copies of Zα such that
(α) Zα(e˜,pe˜) ∩ Xmm = e˜pe˜;
(β) there exists a homeomorphism he˜ : Zα → Zα(e˜,pe˜) such that he˜(e) = e˜ and he˜(p) = pe˜;
(γ ) if e˜1 	= e˜2 ∈ E(Xmm) \ {q}, then (Zα(e˜1,pe˜1) \ {pe˜1}) ∩ (Zα(e˜2,pe˜2) \ {pe˜2}) = ∅.
We define Xm,α = Xmm ∪ ({Zα(e˜,pe˜): e˜ ∈ E(Xmm) \ {q}}).
Now we define the dendrite Zα0 . To this aim, we consider the segment ep of the plane and the sequence of points
{p(m)}∞m=1 of ep such that limm→∞ p(m) = e.
If α0 is an isolated ordinal, then put αm0 = α0 − 1 for each m = 1,2, . . . .
If α0 is a limit ordinal, then fix a strongly increasing sequence of isolated ordinals {αm0 }∞m=1 such that α0 =
limm→∞ αm0 .
For each m = 1,2, . . . , we consider the family {Zm,αm0 (i)}mi=1 of copies of Xm,αm0 joining to p(m) in such a way
that
(i) p(m) is an end point of each Zm,αm0 (i), and there exists a homeomorphism him : Xm,αm0 → Zm,αm0 (i) such that
him(q) = p(m);
(ii) Zm,αm0 (i) ∩ Zm,αm0 (j) = {p(m)} for all i 	= j ;
(iii) if m1 	= m2, then (⋃m1i=1 Zm1,αm10 (i)) ∩ (⋃m2i=1 Zm2,αm20 (i)) = ∅;
(iv) limm→∞ diam(
⋃m
i=1 Zm,αm0 (i)) = 0.
Set
Zα0
= ep ∪
( ∞⋃
m=3
m⋃
i=1
Zm,αm0
(i)
)
.
It is easily seen that Zα0 is a dendrite with a closed set of end points such that type(E(Zα0 )) = α0 + 1 and
E(α0)(Zα0
) = {e}. Also, Zα0 contains points of every natural order  1.
Lemma 4.1. If m1 < m2, then there exists an embedding h : Xm1 ,α → Xm2 ,α such that h(q) = q and h(E(Xm1 ,α)) ⊆
E(Xm2 ,α
).
Theorem 4.1. For any ordinal α  1, the following propositions are true.
(Pα) If X is a dendrite with a closed set of end points such that E(β)(X) = {eX} for some β  α then for any
isolated end point pX of X, there exists an embedding h : X → Zα such that h(eX) = e, h(pX) = p and
h(E(X)) ⊆ E(Zα).
(Qα) If X is a dendrite with a closed set of end points and type(E(X)) α + 1, then for any isolated end point qX of
X there exists m ∈ {3,4, . . .}, and an embedding h : X → Xm,α such that h(qX) = q and h(E(X)) ⊆ E(Xm,α).
Proof. The proof of the theorem is similar to the proof of Theorem 3.1. Instead of Lemma 3.1 here we use Lemma 4.1.
In the proof of the implication (Pα) ⇒ (Qα), instead of m = |R(T )| we require m = max{|R(T )|,ord(T )}. In the
inductive proof of (Pα), instead of κ we use m, and we require the sequence {mn}∞n=1 to satisfy the additional property
mn > in. 
Theorem 4.2. Zα is a universal dendrite for the family of all dendrites X with a closed set of end points such that
|E(α)(X)| 1.
1946 S. Zafiridou / Topology and its Applications 155 (2008) 1935–1946Proof. If X is a dendrite with a closed set of end points such that |E(α)(X)| = 1, then the existence of an embedding
of X into Zα follows from (Pα).
Let X be a dendrite with a closed set of end points such that E(α)(X) = ∅.
Let q
X
be any ramification point of X, and {X0, . . . ,Xn} be the family of closures of all components of X \ {qX }
that contain the point q
X
.
Obviously, X =⋃ni=0 Xi , ⋂ni=0 Xi = {qX } and each Xi is a dendrite with a closed set of end points with isolated
end point q
X
and type(E(Xi)) α.
Case 1. If α is an isolated ordinal, then from proposition (Qα−1) and from Lemma 4.1, there exists an integer
m > n + 2 such that for each i = 0, . . . , n, there exists an embedding hi : Xi → Xm,α−1 such that hi(qX) = q and
hi(E(X)) ⊆ E(Xm,α−1).
On the other hand, p(m) ∈ Zα is the unique common point of dendrites Zm,α(1), . . . ,Zm,α(m) that are copies of
Xκm,α−1 and for each i = 0, . . . , n, there exists an embedding hi : Xm,α−1 → Zm,α(i) such that hi(q) = p(m) and
hi(E(Xm,α−1)) ⊆ E(Zm,α(i)). It is clear that h : X → Zα for which h|Xi = hi ◦ hi is the required embedding.
Case 2. If α is a limit ordinal, then α = limm→∞ αm, where {αm}∞m=1 is a strongly increasing sequence of isolated
ordinals fixed in the definition of Zκα .
Obviously, there exists m such that type(Xi) αm < α for each i = 0, . . . , n. Since αm is an isolated ordinal, from
Case 1 there exists an embedding h1 : X → Zαm such that h1(E(X)) ⊆ E(Zαm). Since E(αm)(Zαm) = {e}, from (Pα)
there exists an embedding h2 : Zαm → Zα such that h2(E(Zαm)) ⊆ E(Zα). It is clear that h2 ◦ h1 is the required
embedding. 
Corollary 4.2.1. Zα is a containing dendrite for the family of all dendrites X with a closed set of end points such that
type(E(X)) α.
Remark 4.1. Note that in the proof of Theorem 4.2, the defined embedding of X into Zα embeds the set of end points
of X into the set of end points of Zα .
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